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On a Class of Equations of Transformation. 

By Jacob Westlund. 



The object of the following paper is to discuss those equations of transforma- 
tion whose roots are the n + 1 values of 

p 
V&. = II sn 2a . en". (In* (4pta/h), 

" 1, m 

where a, /?, y are any positive or negative integers and m = 4 <" K + 4wK | ^ an( j 
v being integers. 

We use the notation ?/* , since the value of the roots depends on the ratio 

v 

of the integers (i and v.* We also suppose, for simplicity, n to be an odd 
prime and set n = 2m + 1. 

The equation in question being rational for the domain of rationality, R (x) , 
where x = W, may be written 

/oW2/ n+1 +/i(K)2/ n +....+A +1 (*) = 0, 
where /«(*) = «o + «i* + + «»„ * ma (1) 

The method for computing the coefficients / . . . . /„ +1 is similar to that applied 
by Pierpontf to the modular equation, and consists of the following three steps : 

1. To express the roots as ^-series. 

2. To find a superior limit of the degree in k of the equation. 



* Weber, "Elliptische Functionen," §67. 

t " On Modular Equations" (Bulletin Am. Math. Soc., vol. HI, No. 8, 1897). 
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3. To express x as a ^-series and substitute for y one of the roots expressed 
as a g-series in the equation and equate the coefficients of the different powers of 
q to zero, by which we obtain a system of linear equations for determining the 
constants that enter into the coefficients f . . . -f n +i- 



If we 


set 


l.— To 


Develop the Boots into q-series. 
p 

U„. = JJ sn 2 (4par), 
" 1, m 
P 

v ± ~ n ° n i^p w ) > 

" 1, m 
P 

Wy. = JJdn(4j)nr), 

" 1, m 


we have 






V V V V 


I.— w„. 









Using the formula* 

» ^ (t> — pa) 9j (o + j*>) _ , t ,ar! ^ , , * 3 /_ M /„x 



where 



<r + 16a , .„ _, „ 

*V = — L- , i> =« , %=1, lfv=£0, 

t^zzznt , Vu.=nv, Wj = w, . if v= 0, 



and « + vtt 

o = t— - 

n 



and observing that 

M<vK) ^(0/^)^(0/^)^(0/^) 

lim _, , ". . " =: ^ 



—o ^(t>/*) ~' n 3* (0/*)^ (<>/*) M<>/*) 
we get 

, v .,_, »■(<>/**) -3.(0/*.) 

* Konigsberger, " Vorlesungen liber Ellipt. Funct," II, pp. 96-97. 
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and hence 



r 

J 



(4) 



(5) 



n_ S,(0/wr).3»(0/Tw) 
00 ~" r • 3* (0/*). 3,(0/*) ' 

a=0 ' 1 " _1 & m 3 3 (0/r).3 3 (0/r) 

8r 1 

% = (- l) m - 2~ 3m . g— S". e 8a (l + \ e 8 "q" + ), 

a=0,l re — 1 

where rt 2 — 1 , ^ 

r z= and e = e n . 

8 

II—*V 

We have* 

Hence * * ^ = * (0/ } _ ^_ (q/t) 

and , —( JU V ^ m/- \ 

_^"(t) *'W 

V 

where $ (<r) = yk, ^ (<r) = s/W. 

Hence J,«(«r) *(**) 

-' y 4> (*) ^(*V.) 

where p^ = ± 1 . 

In order to determine p K we suppose <r = r + is, and let s become infinite. 
Then q approaches zero and we get 



* Konigsberger, loc. oit. 
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To determine p we give to t the value is , and we find* that 

Po = (-!)'• 



In order to determine p a , we proceed as follows: Let 
0=1, a, ... , »-i 





f(v,x)-0 


the equation whose roots are 


p 

% =II cn ( 4 iW&); 

» 1. m 


;n 

f~ 


(-,)-££) *(£) • („) 


1 Vw^/jlV u 



= 0. 



In this identity replace r by <r + 16a and we get 

/ 



f , /* + 16a\ ^1 

\ « / J 



which shows that 
Hence 



or 



, /t + 16a\ 

/ ^+16a \ 
\ n / 



a— 0, 1, 



a=0,l, ....,n — 1 



<*>"(*) 



«. = (— l) r . 2— (l + a#+ ....). 

__r. J_ 

». =(— l) r 2~ m .g »e a (l + E 8( %» + 

a=0,l, .... , n— 1 



,n— 1) 



(8) 



(9) 



* Weber, " Ellipt. Funct.," p. 65. 
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III.-™.. 



We have* 



Hence 



and 



Hence 



<=(^r-%(oKj 

io =p ^il) 



(10) 



(11) 



where p^ = ± 1 . 

Reasoning as before, we get 

P.= l. Pa= ("I)"- 



Hence 



10 



«?„ 



a = 0. 1, .... ,» — 1 



= (- 1)' 



-fr(*) 



+ ([ 



t+_16a\ ' 
n J . 



a — 0, 1, n — 1 



(12) 



or 



a = 0, 1, .... , n — 1 



• • • • 



l+a t q + 

= (— lyli + e^bgl + ....[• 



(13) 



Having thus obtained expressions for the three quantities w £ , w^, m^, we 
get the following expressions for y^ : 



v ^ v 



y» — v a ; •" • A »«a+wr#\ ,i;+rw iwow ' 



o=0,l n — 1 



^.«.+» (*) . ,j/>+ v ( wr ) . S|- (o/tt) 



(14) 



45 



* Konigsberger, loc. cit. 
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or 

-rQa + g) 1 V (15) 

y = ( j )»«+»• (p + y), 2- m (2«+£) > g a(aa+/s) ~ » (l + &e 8a a ¥ + l 

a=0, 1, »— 1 

2. — J. Superior Limit of the Degree of x. 

To determine this we have to determine the sum of the orders of the infinities 
of the roots for the infinite x-plane. The only points in the jc-plane for which the 
roots may vanish or become infinite are *= 0, 1, go. We will, therefore, deter- 
mine the value of the roots for these three values of %. 

I. » = 0. From (15) we get 

<*.).-.=«> of order *!**+§) .\ ( 16 ) 

n ] 

II. x = 1 . It is easy to show, on passing to exponentials, that 

(tt ) K=1 = (— i)-. n , 



(w 
For «„ we have 



w = (-l) M .«, | (17) 

,1, »-l)/c = l == If* 



^ 



•- W -fi„(^/ir) 



= — j^- x where r, = — — 

_ (_ ^ 2 m ? ^ ^ + ^ +....). 2l = tf*l (18) 

Similarly we get 

" 0(T) = ^) 

= (-l)"2 m (l+% ] + ....) (19) 

and 

V a (r) = -, r 

a=l .... n— 1 V b (?!) 

= (— l) r . 2 m qf s- b ( 1 + Ojt^qf + ) . (20) 



Westlund : On a Glass of Equations of Transformation. 



345 



Hence 



(*o)« 



= (— iy. 2 ro , 



(«..i.. ..»)«=i = ° of order 



ra 



For to^ we obtain by a similar reasoning 






or 



(«>o)«=i 



= (— l) r . 2" 



(«o„,i ...»- 0«-i=0 of order 



w 



Hence from (17), (21) and (23), 

(y )« =1 = (— l)- +rtf + 1r) .n". 2 m « ,+Y) , 



III. JC=C0 

We have 



(y..i — 0«=i=° of order _-(/3 + y), 



««. (*) = **" II sn * (*P ^-^-k) = t*. (*i), 



where /I = -5- , Ti = , 16a = lmodn. 

& 1 — <r 



Similarly, 



Ma (*) = /L*"«* (*0 if 16a = — 1 mod n, 
w B (<r) = a, 8 "« 8 (<rO if (166— l)a= — 6 mod «. 



Hence 



u„ (<r) = (— l) ro . 2 2w & ». e 2a (1 + a^q- +....), 
where 16a = 1 mod n, 

u a (*)=n.2* m q?(l +%!+....). 
where 16a == — 1 mod w, 

2r 1 

u a (<r) = (— 1)"* . 2 2m ? ™ ». e 2 » (1 + Cl e 8i qf + ) , 

where (166 — l)a = — mod «. 



(21) 



(22) 



(23) 



(24) 



(25) 
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In the same way we get 

».(*) = ».(*) = (-!)'(! + V'st + ••••). 

where 16a= 1 mod n, 

V a (*) = W M (*,) = 1 + %i + 

where 16a = — 1 mod n, 

Va (*) = w b (tj) = (- iy (i + ClC »^ + 

where (166 — l)a== — 6 mod m. 



and 



Hence 



where 16a = 1 mod n, 

w a (*) = v K (o = (- \y. 2— (1 + %i + ....). 

where 16a == — 1 mod. rc, 

w a \(r) = v b (t x ) = (— l) r . 2—fc" - . e 6 (1 + c l£ 86 a» + ....)> 
where (166— l)a = — 6 mod w. 

(2/ ) K =oo = of order am, if 16a ==•— 1 mod n, 

(y«>, <»)«=«> = of order am (2a + y) , if 16a ± — 1 mod 

it 



(26) 



(27) 



w 



! 



(28) 



3. — Equations that can be derived from a given Equation of Transformation by 

Means of Linear Transformations. 

By applying a linear transformation to the equation whose roots are y^ we 

v 

obtain other equations of transformation. The results we obtain are given in 
the table below, where to the left the substitution to be made and to the right 
the roots of the resulting equation are given. %' is denned by x + x' = 1 . 



x 



y p 

„/«»„ ' II sn2a - cn^. dn-( 3 "+^+^ (4p*/fc). 

X If f "T" "*" 



2 - (*,' f ,x.)' f\sn 2 \cn-^+^+y\dnU4pw/h). 
V, (— l) a V *J v ^ 
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/ * » y 



3. 









/ 



5, 



x , y 



1 ..J' II Bn". cn^. dn" (4par/&) . 






Hence, using the notation 



K ' ' 1, TO 



the substitutions given above lead to equations whose roots are 

"£, a, <3,-(2a + |8+y), 



2. 


2/* 


a,—(U + P + y), y, 


3. 




, a, v, — (2a + /3+ V ) 


4. 


V 


,a,-(8a+i8 + v),ft 


5. 


y± t 


a, Y. S 



respectively. 



4. — Applications. 
I. ^Ae equation whose roots are 

P J 2 

.^ = n^( 4 iW&)- 

» 1, TO ° U 

From (15) we get 

y. =(-l)'.2-(l + ....), 

y a =(—iy.2 m .e-Kq»(l+....), 

o = 0, 1 ,« — 1 



(29) 
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and from (29) we get the values of the roots for x = 0, 1, oo as follows: 



x = 



x=l 



X = 00 



y« 

a=0, 1 


= of order 


Vo 


_ (_ 1 jr < 2 m j 



m 



2/=o a = of order — , 

a=l, ...., w-1 ft. 

_ 2 -2m ( if 16aS _ ! m0( J %j 



2/a 



2r ., 



2/^,, =co of order — if 16a ^j — 1 mod n. 



n 



(30) 



Since the equation remains unchanged if we replace x by x', it must be of the 
form 



y 



,n + l 



where 



+/i (**') y" + • • • • +/.+1 (**') = o, 



(31) 



/, (xx') = 6 g , o H- 6 5 , ixx' + .... + b St m {xx 1 )™' and rn s <r. 



The term f n+1 (xx') being equal to the product of the roots, can easily be 
determined, and we get 

f n + 1 (xx')={xx')\ (32) 

For x = 0, n roots vanish. Hence / a , f 3 , . . . . ,/„ must all contain the 
factor tot' and also 

^o=(— l) r+1 .2- (33) 

For x = oo , n roots become infinite. Hence we see that 
m s <C r, s = 1, 2 , n — 1, 



and \ t mn = — 2 Zm . 



(34) 



For » = 3 the equation is 

y 1 + 2?/ 3 — 4xx'«/ + xx' = . (35) 

ITrom this equation we derive two other equations by the substitutions 



,/ ' 



y\ 



y 



and 



x , y\ 

x 1 

— ' y 



as shown in the table below : 
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HOOTS. 


EQUATIONS. 


* dn 2 

n !■(*-/*) 

1, m 


2/ 4 + 2^ 3 — Axx'y -\- xx' =■ 


P I 

TT Mmtb/M 


y*+2f + ^y-JL=0 


11 en . dn ^■P*/^ 

1, m 


1, m 


^+2^ + ^2,-4=0 

X XT 



II. T^e equation whose roots are 



en 



^=11 w*( 4 W&)- 
Prom (15) we get 

= (- 1 ) r - 2m (l + ..,.) ) 

y B =(— l) r —. 2". e—.g*(l + ....), 

a— 0, 1, — ,«— 1 



and from (29), 



*== 



x— 1 



X =00 



(— l) r .2" 



« 



y a = of order — , 

«=o, i »— i n 



Z/o = 



(-1) 



r~m nm 



n 



y m = o of order — 
o=i, ...:,»-i w 

?/„ = oo of order m, 



(36) 



16a = — 1 mod n 



2r 



#«,, a = °° of order — — - + m, 16a ± — 1 mod n 



n 



y (^ 



If we replace x by »', the equation is transformed into an equation whose 
roots are 

* en 



(-irns-c^w^) 



i, » 



sn' 
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Hence if to is even, the equation must be of the form 

y n+1 +/iW^" + • • . . +/. +1 (*0 = o, 

and if to is odd, 

y n+1 + (x-x')fi(™ , )y n + A(™')y n - 1 +....+f n+1 (™') = o, 

where 

/, (»*') = 6 S , o + &,, i*»' + + 5,, m . (W) m ° • 

When m is even, we have m s <r, and when m is odd, we have 



(38) 
(39) 



m s < 



(r i 
Ir— 1 i 



if s is even, 
if s is odd. 



^or f n+1 (xx') we get the expression 






(40) 



The coefficients / 2 ,...., /„ must all contain the factor jmc', and we also get 

(41) 



(_l)H-l.2° 



Prom the above, and making use of the fact that for x = o° all the roots become 
infinite, we obtain the equation for n = 3. This equation and those that can be 
derived from it by the substitutions 



* » y 



and 



are given below. 



* » y 



BOOTS. 


EQUATIONS. 


&S- (*■/»> 


^-|( X -«')2/ 3 -^ = 


1> m 


</ 4 + f(l+*)*/ 3 + ^ = 


n^(^A) 


y-f(l + *')2/ 3 + ^ = 
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III. The equation whose roots are 

v 
y^ = J J sn 2 . en . dn {ApajJc) . 



From (15) we get 

y. = (— l)'n.2-*»(l + ....), ) 

_3r y (42) 

Va={— l) m - 2- Sm .e 3 \q "(1 + ....),) V ' 

and from (29), 

f y m =(— l) r .n.2- 3m , 

x=0 { Sr 

y a = oo of order — , 



f 2/o =(— l) m .w.2 3m , 
x = 1 -< 2r 

«/»,,, =0of order — , 
v a—\ 7»-i n 



\ (43) 



y a = of order »n , 16a = — 1 mod n 

y°°,a =0 of order ™ n . 16a ± — 1 mod w 

«. -+■ 



I 



The equation must be of the form 

where J. = constant and # s (x) = a Si + a St & + . . . . + a Si m , x w ° , and it is also 
seen that the degree of % cannot exceed 3r . 

The last term being the product of the roots, we get 

r n+1 =Sr, A=(—l) r + m .n. (44) 

We have also 

,„ — y x -y -■-- y n -i[ — — !*♦••• -r- — J. 

which gives 

r B = 3r, «*,„ = (— l) m+1 .2 3m . (45) 

In order to determine r x and a superior limit of r 2 , r 3 , ^-ii we use 

the method employed by Pierpont.* Setting 

* " On Modular Equations. " 
46 
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and denoting the order of infinity of S p by 6 p , we get 

(o p - Z P r — v * , j> =1.2, n— 1 (46) 

where v p is the smallest positive root of 

8v + 3£> = mod n, 

and hence 

r t = 6i, 

and if <o lt 6 Z , form a regular sequence,* we also get 

r p <6 p . i>=2,3 ,n— 1 (47) 

In order to determine p, wij, wj„ and a superior limit of w 2 , «? 3 , . . . . , m n _ 1 , 
we make use of the fact that the equation remains unchanged for the substi- 
tution 

' % , y 

— , * m y 

From this fact we get the relations 

p=2r, m p =2r p —pm. (p=l,2 ,»),<*«,* = ««, «.-* (48) 

For x = 1, n roots vanish and one root = ( — l) m n . 2 2m . Hence 
«!, o + «i, i '+ • • • • + «!, «, = (- l) m+1 - n . 2 Sm , 



a 2, + a 2, 1 ~r" • • • • + «g, m 2 — i 

a », 4" a n, I + • • • • + 0f«, m„ — = . J 

The relations given above show that for n = 3 the equation is 

4 , 6(1+*) 3 , a,,o(l-2 x +x 2 ) , 8 (!-»-»' + »') 3*'' 

y t- x y t- - ^ y t- x 3 y + -^r 

But for » = oo the equation reduces to 

y(y+2) 3 = 0. 
Hence «2, o = 12. 

* Pierpont, 1. c. 



(49) 
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From this equation we derive two other equations whose roots are 
-P sn 2 dn,, , 7X , -.^s^cn,. /7N 

1, m 1, m 



by the substitutions 



( V ) and 



* . y 

v 1 resp. 



Thus we have for n = 3: 



BOOTS. 


EQUATIONS. 


p 

[J sn 2 . en . dn (4pw/h) 

1, m 


4. 6(1+*) . , 12x' 2 , . 8x' ! (1+k) , 3x' 2 _ 


i, »» 


„4 6(1+*') 3 , 12* 2 . 8* 2 (l + *') y + 3* 8 _ 
V %' V + x" y x>* y+ x' 3 


1, m 


W 4_,_6 (» — xf) 3 12 2 + 8(x-x')_ 3 _ 



Yale University. 



